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Abstrak
The boundedness of fractional integral operator |, on R was introduced for the first
time by Hardy G.H and Littlewood J.E (1928). In their evidence proof, Hardy and
Littlewood used maximal operator that later known Hardy-Littlewood inequation.
They proved that | was limited from the Lebesgue’s space LP(Rn) to the space
LA(R") With 0 <a<nand 1 _1_ « In 1938, a mathematician C.B Morrey

P a =n _
introduced one of space, namely the Morrey’s space with notation [ PA(R™). This

paper will elaborate the Morrey’s space and the boundedness of [, toward the classic
Morrey’s space by benefitted the Hardy-Littlewodd maximal operator.

Keywords: Boundedness, Fractional Integral Operator, the maximal operator of Hardy
Littewood, Minskowski inequation, Holder inequation, Lebesgue’s space,

Introduction

In 1886, Marcell Riesz introduced one function operator known as the fractional
integral operator j, that is:

For example £ real-valued function on R~ for a, 0 < @ < n dan x e R", fractional
integral operator |, defined as follows:

Iaf(x)=j —f(y) dy

e lx — y[n-@

Furthermore, this fractional integral operator is often known as the Riesz potential.
The problem studied related to the fractional integral operator above is a limitation
problem. As is known, the operator T from space x to space y said to be limited, if any
M > 1 such that ||Tx: Y|l < M||x|| with ||x: X|| noting norms x in room x. Then the
operators T is said to be limited in space X, If T limited from space X to spacey.

The limitation of an operator is a property that is expected to be met, because this
property leads to conditions that are interesting to study. For example when working with
differential equations or integral equations, the limitations of an operator can provide an
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understanding of certain physical phenomena. Meanwhile in the field of computing,
computing will be much easier if you work with a limited number of operators.

For the first time the limitations of the fractional integral operator on \mathbb{R}
were proved by Hardy G.H and Littlewood J.E (1928). In their proof, Hardy and
Littlewood used the maximal (function) operator which became known as the Hardy-
Littlewood inequality.

Furthermore, the limitations of the fractional integral operator j proved by them in
one of the homogeneous spaces, namely from the Lebesgue space [p(Rrn) to space

LI(RM) With0 < a <nAnd1_ 1 _ a Connection p And g always used in proof of the
p q n
limitations of the fractional integral operator. Furthermore, in 1930 the limitations in the

Lebesgue space were refined by Sobolev, so that the important result he obtained was
called the Hardy-Littlewood-Sobolev inequality. Several years after that, in 1937 N.
Wiener reintroduced the maximal operator, but for the case of a higher dimensional
Euclidean space.

In 1938, a mathematician named C.B. Morrey introduced one of the well-known
spaces to date, namely the Morrey space denoted by ».4(rm) (Lina, 2013 hal 1). This
space is often encountered when studying the Schodinger operator and potential theory
where the Morrey space is an extension of the Lebesgue space. After Hardy-L.ittlewood-
Sobolev, the limitations of the fractional integral operator j, further developed by D.R.
Adams in the Morrey room. This result was then proven again by Chiarenza-Frasca using
the Fefferman-Stein inequality. Chiarenza-Frasca succeeded in proving the limitations of
the fractional integral operator from Morrey space [p.4(Rr") t0 space [9.4(R™).

Based on the description above, this paper discusses whether the fractional integral
operator has the same limitations in the previous function space, namely the Lebesgue
space. [4(R™). Furthermore, what conditions must be met so that the fractional integral
operator is confined to the Morrey space.

Research Methods

1. Morrey Room L9*(R")
The Morrey space is the set of all local Lebesgue integrated functions with an
expansion value of a finite g-norm. To define a Morrey space, it is necessary to define
a local Lebesgue space L?OC(R")' However, before defining the local Lebesgue space,
itis necessary to define the Lebesgue space first 14 (R™) namely the space that contains
functions equipped with a g-norm whose value is up to R®. According to Kevin
(2014:1) Lebesgue roompa(R™) (named after its discoverer, Henry Lebesgue) is a
scalable function space which is a natural embodiment of a finite dimensional vector
space equipped with norm—gq ||. = Erwin Kreyszig (1978:61) defines a Lebesgue
space and says that a Lebesgue space is a Banach space. The following is a definition
of a Lebesgue space [7(R™).
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Lebesgue Room L4(R™)
For 1 < g < o, Lebesgue room 74 (Rrn) contains all scalable functions f on g that
fulfills || £]|,, < oo, with,

1

q
il = ([ 7o)
Rn

Example: Suppose function Flx) = iZR\[—l,l] with g > 1. Clear that f measurable

function. Because any function that is continuous almost everywhere is a measurable
function. It is clear that the function is a continuous function on R\[—1,1], consequently

function ¢(,) — iIR\[—l,l] with g > 1 is a measurable function. Furthermore,

1
[ reomax= [ —oax
R R\[-1,1] | |4

:2[ ldx
1 x4

@ 1
=2 [ 1 xl—Q] :2(—)<OO
1-q 1 q-1

Clear f € L7(r™). But if you pay attention, for g = 1, f # L1 (R™), Because

Jp Ifeoldx =2 [ 2dx = 2. Inx|? = o

As for the local Lebesgue room LL _(R™) defined as follows:

Local Lebesgue Room L;IOC(Rn)

Local Lebesgue Room L‘lIOC(Rn) with 1 < g < oo is a space containing all scalable

functions f that fulfills :
| et < o
K

for each compact subset K R™. If f < 19 (Rn), S0 f is said to be locally integrated in

L1(R™).

Based on definition 1 above, the membership requirements of 1a(Rr™) still fairly 'rough’,
b it onl ires the finit f th i . Therefore, it i
ecause it only requires the finiteness of the expression fRnlf(x)ldx erefore, it is
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necessary to add one parameter in the hope that it will refine the membership conditions
L9(R™). The result of refinement of the Lebesgue space 14 (R™) by adding one parameter,
it is called a Morrey space ;4.4(r™) (named after its discoverer, Charles B. Morrey, Jr).
In brief, ;4.4 (rm) related to the local properties of Ll _(R™) which is defined on R7,
whereas 12(R™) related to global properties. The following is the definition of a Morrey
space 2.4 (R™).

Morrey Room a4 (Rm)

For example B(x,r) is an open ball di ™. n, [2.4(rn) is the set of all functions 17 (rn)

that fulfills :
1

If L !
fllga= su (— f ad ) <
q B:B(I;,r) rA B( )If(y)l y

Where B(x,7)cR™ is denotes the ball centered at x and fingers r > 0 (Kreyszig,
1978:18).
View shape :

x,r

1
q

fllo,= s (1] |()|qd)
A~ u ) :
q B=B(E,r) ri B( )f y y

for case, = ( obtained:

x,r

1

T 1 !
fllgo = su <— f ad >
q B:B(E,r) o B(x'r)|f (9 dy

1
& J

= sup —f 9d
o 1 B(x,r)lf(y)l y

1

q
sup f 9d > :
B:B(X,T) ( B(x"r)lf(y)l y

And B(x,r)cR™ and the supremum value of the

Because
fB(x,r)If(}’)lq dy <

integral is the result of the integral itself, ie:

1 1

q q
= = Lq ]Rn
stl;l(g,r) (L(x,r)lf()/)lq dy) ( R |f(y)|q dy> &

As aresult for cases 4 = 0, [24(R™) = L4(R")- This means that the Lebesgue space is a
special form of the Morrey space in this case 4 = 0.
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By paying attention to the definition given above, the following proposition can be
derived :

Proposition 1.
Function f is a member of ja(gn) if and only if there is ¢ > 0 such that

ool f(19dx < Crt for each x € R* danr > 0.

Proof :
For any function f e [a.4(Rrm) maka fllg s < oo, Where

1
Ifllgi= sup (7 [
B=B(x,r) \I'" Jp(

1 1

:Bj;(lir) (%)a< fB ( )|f(x)|q dx)q

Because 1 js a constant, it can be written as follows :
q

)

1

q
)If(x)l" dX>

X,r
X,r

1 1

(L) (f GOl d )q
=|—]) sup x
% Blxr) B(xr) S

1
1 < q
=— sup f [ F(x)|9 dx>
2 5ty \Upry T

ra

1

2 fB(x,r)lf(x)lq dx)a

ri

Because ||f||, , < oo, then it should 1
' { x € R"

} exists and is

exists and is limited 3¢ > 0 such that R -
a n
(ﬁ fB(x_r)|f(x)|q dx) <C,Vx€eR

fB(x'r)If(x)I‘? dx < Cr* vx € R™ Soif f e [44(R") SO 3C > 03

For example [
B(xr

become : 1
ri

)|f(x)|q dx < Cr* ¥ x € R and » > 0. Hence, it can be written

J'B(xr)lf(x)lq dx <C,VxeR"™
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This shows 1 limited 2. Because it's limited has a supremum
7 fB(x,r)lf(x)|q dx VX ER ;
value with 1 1 . Because it applies vx € R* SO
q
Bs(lilr)) (ﬁ fB(x,r)lf (x)]4 dx) <

1

1
L q = —
1 . A
BGem) (rﬂ ol f GO dx) ,

LYA(R™)- B

fB(x,r)lf(x)lq dx < C < Proved that f e

Therefore, f e oA 1 and only T 3¢5 05 Ir(ldx < crivxe

R™ dan r > 0. This can be interpreted that the rate of growth [ controlled
B

(x,7r) |f(x) |9dx

by the expression on the right side ie -4, with ), is called the order of .

Besides the Morrey room 4.4(rm) defined above, there are other variants of 14.4(Rjn)
yakni ruang Morrey M(g’(R”) which is more often called the classic Morrey space. Dalam

As of this writing, the more studied Morrey space is the classical Morrey space. The study
that is interesting to discuss is how the nature of the limited space.

2. Classic Morrey Room Mm?(R™)
M;’(Rn) is one variation of LIA(R™) which has the following definition:

Definition 1. Classical Morrey Room MZ(Rn)
For 1 < g < p < o, Morrey room M(f(lR{") is the set of all functions £ ¢ LCIIOC(Rn) that
fulfills || £|| , .» < oo where the norm is defined as follows :

q

1
q

aeRrRn”
r>0

11
Ifllep = sup 1B(a,r)P q[ | Gl
B(ar

With |B(a,)l Specifies the size (Lebesgue) of the ball B(a,r). Here is the relationship
between the classic Morrey spaces M(g’(]]gn) with Morrey's room pa.4(Rr™) sebagaimana

presented in the following proposition :
Proposition 1. Relations between Mg(IR{") with La4(R™)

M;(Rn) — Lq,n(l—%)(Rn)

Proof:
Take any function f e MP(Rrr) SO f e Ll (R™) With ||f]|,» < co. Therefore
q

loc

VB(a,r) € R",
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1

(-2 7
|B(a,r)l U If(x)lqul < oo
B(a,r)

|B(a, r)| stated lebesgue size, it means |B(q,+)| = Cr™ forac > 0.

1

e :
|B(a,r)l U If(x)lqul o (%)
B(a,r)

1

JoamlfColdx | =

1

[y lf GOl |

|ﬁ
=
3=

Cr"(i_i) [

Q|-
R

car

1 1

E i = q
Cc_%T; [rin J.B(a,r)lf(X)lqu ]q B CC_%% [rin fB(a,r)lf(x)lqu ]q

1
q

ca \( _n)q/ rinfB(ar)V(x)lqul _
rop ,

1
q

a
S

[ 1 1f
r_%qrn B(

)If(x)lqu]

Q=

c ar

1
1 a 1
cp 1 1

[ — | |f(x)|de]-
rn(l—%) B(a,r)

a
S

1
-~ )If(x)l"dx =

1 q +n
= NI r
Cq (-r- p) 4 C

Based on (*) then obtained:

Q|

, for a B(a, r)cR™. Thus, when take the supremum on
< 00

Iﬁ fB(a,r)lf(X)lqu

the left side for each B(q, ) R™, obtained :

1
q

< ©

1
£l = su f
f Lq,n(l—%) B(x,E) n(1_9-)
T p

B(ar

)If(x)lqu

as a result,

f e 19703) (rmy
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Instead, take any function fe Lq,n(l_%)( R™) Hence for every B(x,r)c R™, apply :
1
q
AN ey = su f adx | <o
f A (1_%) B(x,E) rn(l—g‘) B(x,r)lf(X)l g
then, for each B(x, r) c R™, obtained:
1
=l |
lfCol%dx | <
rn(l—%) B(x,r)
Noted that : 1 , SO that
(0D) = ) = G
1 1

: =] [
ad = ad
LmﬂLwym|4 rquWym|x

1
q
< 00,

11
= |B(a,r)Ir 4 U If (x)]9dx
B(ar)

as a result, . This applies to every B(q,r)c R™, SO

1B, 0l [f, I oledx ' <0

that when taking the supremum on the left side it is obtained :

1
q

< ©

aeR™?
>0

11 1
f1l,> = sup|B(a,r)|p 4 f |f (x)|9dx
4 (1-2) Jo(an

asaresult, f ¢ M;( R™)- m

Therefore, Based on the above proposition, the following

q
MP(R™) = 1205 (),
results are obtained :
Consequences 1. Relations between MZ(IR") with L24(R™)
ngq n
Lq,/l(]Rn) — Mg;_l(R )

To prove the consequence of the above proposition, suppose , _ ., (1 _ g)' Based on the

p
previous proposition, Mf( R™) = L4A( R™)- By constructing l=n (1 _ g), such that it
P
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will be obtained: p =24 . Furthermore, by using the same method in the above
n-1

proposition, we will obtain a relation such as Effect 1. on.

Results and Discussion
Theorem 1.

If f € [4(R™) With 1 < g < o0, 50 Mf € [4(R™) And
IMflly < Aglifllg

with 4 q is a positive constant that depends only on g and n.

Evidence: For the case g = oo trivia with 4, = 1, because the essential supremum of a
function will not be less than the average value of the function. Now assume for case 1 <
q < oo. To prove this theorem, it is necessary to define a function as follows:

A
A = {f(x), jkalfol =2

0, lainnya

Since the form of the function is as above, it is obtained
ool < 1RGOI+2 B MF@) < IMfGOL+2
as well as

{x e R:Mf(x) >} c {x e Rm:Mf(x) > ;}

by using if f € L9(R™), SO £, € L*(R™) such that it is obtained
m(E;) = m{x e R Mf(x) > A}

<2%ipl =222 el

XERM: |f(x)|>

Now following the definition of the maximal operator Hardy—L.ittlewood pm, for example
g = Mf and y is the distribution function of g as well as using the partial integral
technique, obtained

(Mf)dx = — fooﬂ"d () = qf 277 tu()d A
R 0 0

By using the equation (1), so

[oe] [ee] A
IM7llg = q f A im(E)d A< q f A‘H( 2" f If(x)ldx>
0 0 A Jxermirolz

5774 Syntax Literate, Vol. 8, No. 8, Agustus 2023



Characterizations for the Fraksional Integral Operator on Classic Morrey Spaces

The fold integral above is solved by changing the order of its integration, namely
integrating it first against 4 so that the integral results are obtained which are as follows:

2|f (0l 1
j A7 A= ——12f ()17,
0 q-1

So, the fold integral above has value

Anq Anq

220 ieolizpeoltax =422 [ (o = agisig

q— 1 xeR? xeR"

so that IMfFIE < AlIFIIE or in other words || m£l, < A4lIf Il

with Aq is a constant that only depends on g And n. g

Theorem 1. which we just proved says that the operator is maximal Hardy—Littlewood
M confined to the Lebesgue space 1a(rn), With the help of the Theorem 1. this will
prove the limitation of the maximum operator Hardy-Littlewood M in a classic Morrey

space M; (R™) which is presented in the following theorem:
Theorem 2.
If EM;(R”)’With 1<qg<p< oS0

1MF lep gy S 1 sgp

Proof:

Take any function f ¢ M(f (rn) and balls B = B(a,r) c R™. For example f = f, + f,

with the definition of the function as follows:

fi(x) = {f (x),jika x € 5B = B(a, 57)

0, lainnya

dan £,G0) = {f(x),jikax ¢ 5B = B(a,57)

0 lainnya

)

Note that

1
11

11 q 11
|Blp 4 (f Mf1(t)th> < IBIP‘q< Mf1(t)th>
B=B(a,r) R

1

11 q
< |BIp q( f1(t)th>
5B

1
q

11
< 158l q( f1(t)th>
5B

Syntax Literate, Vol. 8, No. 8, Agustus 2023
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S Ufllyg )

Next notice that if R is a cutting ball p dan R\B hence the diameters (R) > 2
diameter(B) And 2R o B, Therefore,

Mf,(t) < sup lf If (t)ldt.

BcR

As a result,

1

11
|B|P q(JB Mfz(t)th> |B|psup Ij If (t)ldt

such that

1

11 q 1,
|B|p q( Mfz(t)th> < sup|R|p f lf@ldt = Ifll,ee < f Il e Ce%)
. R R 1 q

[y

Based on (x) And (xx) obtained

11 1
IBJP < (fBzB(a’T) Mfl(t)th)q S ”f”M;
And é
1BI4 (f,_par Mf©)0d)" S Nfllygp.
asaresult, 1 . By taking the supremum on the left-

i1 "
B0 ([, _p qry MF@dL)" S lIf 0
hand side for all balls B = B(q, r) clR™, obtained ”Mf”w’ < ”f”M” m

Fractional Integral Operator [,

One of the operators that can also be seen in the Lebesgue space 19 (R™) is the fractional
integral operator 7, which maps functions to other functions on R». These operators are
widely used in the field of Fourier Analysis, integral equation, as well as partial

differential equations. Here is the definition of the fractional integral operator.

Definition 1. Fractional Integral Operator

For 0 < @ < nAnd x € R™, fractional integral operator j,, defined as follows:

IfG) = f Ty,
R

nlx___yln—a
Where £ is a real-valued function on R”,
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Fractional integral operator j, often known as Potential Riesz (by degrees ). If in case
a = 2, operator | often referred to as the Newtonian potential. This operator was first
studied by Hardy-Littlewood (1927) and by Sobolev (1938). In the book, Hardy-
Littlewood proves that j  is the operator that carries the function in a(Rrn) ke L5 (R").
This is explained in more detail in the following theorem:

Theorem 3. Hardy-L.ittlewood-Sobolev inequality

|fa=§—§,1<q<s<00,50 N flls < Nfllg-

Proof:
Write
[x—y|<R lx — yl - [x—y|=R lx — }’|n_a
=Lf(x) + Lf(x).
Note that J, f (x) can be approximated as follows :
I f (o)l < f|x—y|<R%dy

Z I IO,

B(x,2k+1R)\B(x,2kR) |X — y|*~*

By using that fact |x — y| > 2R, then obtained:

SZW

k=—o0

] If)dy
B(x,2k+1R)\B(x,2kR)

(ZkR)n aL(xzkHR)lf(Y)ldy

(2k+1R)”Mf(x))

P
« 3. s

QR

AL Z (2®)*RE*Mf (x) S R*Mf (x).

k=—0c0
So obtained : |1, f(x)| < R*Mf (x). (*)
In approximating 1, (x) inequality is used Hglder. Note that :
f»
wreis[ 1O g
SN el =yl

Syntax Literate, Vol. 8, No. 8, Agustus 2023 5777



Sahat P. Nainggolan

IA

i [ f(y|)” 4

k=0 B(xzk+1R)\B(xz’<R)|x—

1

— If (v)|dy
— (2kR)"~ JB(xzk"'lR)\B(x,sz) @)

I
Ms

?C‘
O

IA

Z (2kR)"- aL(x 2k+1R)|f(y)|dy

k=0

I

1—

= 1

1 q q
* L e
kzz() (2kR)"-« [L(x,2k+1R)|f(Y)| Y L(x,2k+1R) Y

1
(r+1R)"(17) [ la L
(2kR)"-@ L(x,2k+1R)|f(y)|qdy S R7slifllg-

ILf ol < RS, ()

~

k=—
The result is obtained :

Based on (x) And (xx) obtained :
I f Ol < 1L f G + L f ()

< ¢ (REMf () + R7SIfIl,). (+2%)

For R > 0, selectable R such that

Mf (x) _ R_%_a _
Ifllq '

I
=)
Q3

D
So that if R is selected as in (1), then equation (xxx) become

q 1-42
I f (Ol s (MFGO)SNfNl, S

as a result

af CONE = | 11 rldy
RTL
q s—q
<[ (uro)risoay
Rn

s Nflig™ fRn(Mf(y))qdy
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By making use of the theorem on 3.5.3 that is || M £ (x) ||, < IIf |l then obtained :
< A lfllg = NI,

Therefore, itis proved that ||1_ £ (x)lls < lIf Il m

Theorem 3. has proved that it turns out that the integral operator is fractional j, confined
to the Lebesgue space, it will now be shown that the operator j, also limited to classic
Morrey room. Operators limitations j in Morrey's room it was first studied by Adam
(1975) and Chiarenza, F. — M. Frasca (1987). Evidence of carrier limitations 7 in the
classical Morrey space is not much different from the proof in space Lebesgue. In addition
to exploiting the limited nature of the operator j, in the Lebesgue room, also the limiting
nature of the maximal operator Hardy—L.ittlewood M in the classical Morrey space is

used in the proof.

Theorem 4.

Forexamplegiven1<q Sp<2and()<a<n_ Iffor1 <t <s < oo apply
a

1 1
1.1 a, a_t
s p n p s
0]
o f GOllpes = IIfIIM[f.
Proof:
Write back
Iaf(x):f &dy_l_f &d}/
lx—yl<r lx — y|"=* lx—yl=R X — y|"@
= Ilf(X) + sz(x)
Note that [, f(x) can be approximated as follows:
ILfeol < [, 8= dy

x=yI<R |y_y|n-a
1
<3 o,

B(x,2k+1R)\B(x,2kR) [x — y|"~%

k:—OO

By using that fact |x — y| > 2R, then obtained:
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1

1
< 3. o) ok
£ (sz)n—a B(x,2K+1R)\B(x,2*R) f( )

= Z (2kR)™~ afB(xzkHR)lf(Y)ldy
1
Z (2kR)"-< (@R mf@)

<2 2 (29 R*M (x)

k=—c0
< ROMf (x).
So obtained : |1, f(x)| < R*Mf (x). (%)
In approximating [,(x) reuse inequality H ¢ Ider. Note that

f)
f|x_y|2R lx—y|n-@ dy

AN

i [ I{C) N

k=0’ B(x,2k+1R)\B(x,2kR) lx — y["=

1 f
|f ()ldy
(2KR)™ =% Jp (x ak+1Rr)\B(x,2kR) @)

A
M8

R‘

=0

IA

Z (ZkR)n QL(xzkHR)lf(Y)ldy

k=0

o 1
] U]
S ) T ad d
;) (sz)n_a fB(x,zk+1R)|f(y)| Y fB(x,Zk"'lR) Y

1

- (2k+1R)”(1—%)I r
S ad
) (2kR)n-a fB(x,zkHR)lf(y)l y

1-—

Because

1

1 1 q
|B(x, 2K+1R) P @ U If(y)l"dyl < I llag.
B

(x,2k+1R)

then obtained
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1
q ”f”Mé’ ||f||]\,[g7

< <

l f If ()| %dy 11 (2-1)
B(x241R) IBGx, 2+1R)P 70 (2F+1R)" P g

As a result,

1

(2k+1R) q
f @)= Z (2kR)"—« lfB(xzkuR)lf(y)lqdy

_@nrmd flle

= RSN fll -
k=0 (ZRR) (2k+1R) (1 l) Ma
The result is obtained : L) $< R_;”f”wrg’- (*%)
Based on (x) And (xx) obtained :
[I.f )| < |1 f GOl + 1L f ()]
¢ (RMf(x) + R7SNfIl,). (xxx)
For R>0, we can choose R such that
REMF () = RSl f Iy
or
P
Mf(x) \"
_ <_f x ) 1)

So that if R is selected as in (1), then equation (xxx) become

p, 1-B q.  1-E
lI.f ()] = IMf(x)IsIIfIIMS = IMf(x)ItIIfIIMS
q q
On the other hand,

1

11 q
|B(x, )P ‘IU IMf(x)quxl < IMfllpep,
B

(x,7)
so that
e IMfl
a P
U IMfeoltdx| = 11
BGer) |B(x,r)P a
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or it can be written as follows :

1 q q q
t ”Mf”tMp ”Mf”t]v[p ”Mf”t]v[p
< a_ _ qa_ _ q

1BG G 1BG G 1BG T

I
B(x,r)

Hence, obtained

1

t
o f Gllags = sup IB(x, r)lS t U( )Ilaf(x)ltdxl

XeERM
>0
1
t
< sup |B(x, r)lS t U |Mf(x)|q||f|| l
xe%; B(x,r)
r>

1

< sup |B(x, r)|s ¢ ||f||M,, U |Mf(x)|qul
B(x,r)

XER™
r>0
q
oz, IMflE
< suellB(x r)|5 t||f|| 11
er>R0 My |B(x,r)|s"t
||Mf||t P
(-5 Mg
S sup IIfII 11
xR |B(x,7)|s7t

(1-B 2
SUA ™ IMf s o
q

By using the limited property of the maximum operator Hardy-Littlewood M in the classic

Morrey space it has been proven that is || a7 £|| then obtained:

a2 S I llaep ny
-5

SIFI o IMflls Mp~||f|| p° ||f|| Mp—IIfIIMp
My My

as a result,

”Iaf(x)nwﬁ < ”f”w@h [ |
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Look at the final result of the Theorem 4. such, if p = ¢ s0 s = ¢, means theorem 4.
above is the Hardy-Littlewood-Sobolev Inequality. Thus, it has been shown that the
integral operator is fractional 1, has limited properties in the Lebesgue space 14(R™)

and in the classic Morrey room MP(RM).

Conclusion
Based on the discussion in the previous chapter, the following conclusions are
obtained: 1) Morrey Room ja.A(gn) is an expansion (refinement) of the Lebesgue space

LA(R™), especially for cases 4 = 0, [9.4(R") = 19(R")- Classic Morrey Room M;’ (R™)
is a normed space and a Banach space. 2) The fractional integral operator | _\alpha has a
similar limitation to the Lebesgue space 14(Rrn») and the classic Morrey roomMg(Rn)_
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